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The singular direct product employed in the construction of certain designs and 
quasigroups, is generalized. When applied to skew Room squares, it extends earlier 
results to show that the spectrum is complete for values above 237. 
1. INTRODUCTION 
The singular direct product for Steiner triple systems was introduced by 
Moore [7], who used the same to demonstrate the existence of these systems 
for all positive u congruent to one or three modulo 6. Subsequently it was 
introduced by Sade in connection with certain quasigroups (see, for example, 
[ 141). Several authors, for example, Ray-Chaudhuri [ 12], Wilson [I3 ] and 
Lindner [5] have made extensive use of this product in a variety of contexts. 
It is our purpose here to generalize this product (to a product called herein 
the indirect product), illustrating it,by its application to skew Room squares. 
The corresponding generalization for pairwise balanced designs will appear 
in [9]. 
2. THE INDIRECT PRODUCT AND SKEW ROOM SQUARES 
For definitions of Room square, skew Room square and related objects, 
the reader is referred to [8]. The singular direct product for skew Room 
squares appears in [6, lo], where it is used in the proof of the following 
theorem. 
THEOREM 2.1. (Singular direct product for (skew) Room 
squares). Suppose there exist a (skew) Room square of side vl, and a 
(skew) Room square of side v2 containing a (skew) subsquare of side vX (if 
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v3 = 0 the subsquare can be viewed as a null subsquare). If v2 - v3 f 6, then 
there exists a (skew) Room square of side v,(v2 - v3) + v3 with (skew) sub- 
squares of sides v 1, v2 and v3. 
The constraint v, - v, f 6 arises from the fact that the singular direct 
product relies on auxillary systems, in this instance pairs of orthogonal latin 
squares of order v2 - v1 which fail to exist for order six. (Such a pair of 
squares fails to exist for order two as well. However it can be shown that 
v2 - v3 cannot assume this value under the above hypotheses.) 
As usual, the singular direct product retains isomorphic copies of both of 
the original systems. This fails to be true for the generalized product, hence 
the name “indirect product.” 
To describe the indirect product of Room squares, we require the concept 
of an incomplete array, 
An incomplete array I(n, $) defined on the n-sets S, and S,, where 
S,=AIUB1 and S,=A,UB,, IAI\=IA21=s and \B,I=IB,j=n--s, is 
an n by n array D such that 
(i) the array D contains an s by s subsquare E, ail of whose cells are 
empty (we shall assume E to be in the lower right of D); 
(ii) every cell of D\E contains a member of S, X S,; 
(iii) the cells of a row or column which does not meet E contain each 
element of S, precisely once in first position and eaeh element of S, 
precisely once in the second position; 
(iv) the cells of any row or column which meets E contain each 
element of B, precisely once in first position and each element of B2 
precisely once in second position; 
(VI each member of (A, x B,)u (B, XA,)U (B, x B,) ~ceurs Zn 
some cell of the array D. 
Should we wish to denote more specifically the incomplete array IA(n, s) 
defined above we use the notation IA(B,, A 1 ; B,, A,). If A, = A, and 
B,=BZ, then we abbreviate IA(B,,A,;B,,A,) to IA(B,;A,). 
One way of constructing an IA@, s) is to take a pair of orthogonal latin 
squares of order n with a common pair of orthogonal subsquares of order s, 
superimpose them and delete that common pair of order s snbsquar~s. 
However, not all incomplete arrays arise in this manner. For example, it is 
known that there exists an IA(n, 2) for all n > 6 (see Horton [4f and 
Heinrich [3]), despite the fact that there is no pair of orthogonal latin 
squares of order 2. 
THEOREM 2.2 (Indirect product for (skew) Room squares). Suppose taut 
there exists a (skew) Room square of side v, and a (skew) Room square cf 
308 R. C. MULLIN 
side u2 which contains a (skew) subsquare of side v3. Let a be any integer 
satisfying 0 < a < v j. Suppose further that there exists an incomplete 
orthogonal array IA(v, - a, v3 -a) and a (skew) Room square of side 
v1(v3 -a) + a. Then there exists a (skew) Room square of side 
v,(v, - a) f a which contains a (skew) subsquare of side vI(v3 - a) + a and, 
provided that (v2 - a) f 3(v3 - a), which also contains a (skew) subsquare 
of side vl. 
Proof: Let D, , D, and D, be (skew) Room squares of sides vi, v, and vj 
respectively, such that D, is a (skew) subsquare of D, (this latter relation is 
written D, c 0,). We adopt the following system of notation, We assume 
that the square D, is standardized with respect to the element cc and that the 
remaining symbols of D, comprise the disjoint sets {co }, S,, S, and S,, 
where IS,/ = a and IS,1 + IS,( = vg, and that the subsquare D, has symbol 
set {co}US,US,. We further assume that D, is standardized with respect 
to some element which we may again take to be co and the remaining 
symbols in D, come from the set V= { 1,2,..., vi}. Without loss of generality 
we assume that cell (i, i) of D, contains the pair {co, i}. 
We further assume that the incomplete array I= IA(v, - a, v3 -a) is 
written as IA(S, U S, ; S,). Further we select an element x* of S, and 
provided that (v2 - a) # 3(v, - a) without loss of generality we can assume 
that (x*, x*) occurs in cell (1, 1) of I and that {co, x* ] occurs in cell (1, 1) 
of D, . As a further convenience, we assume that the subdesign D, of D, has 
been permuted into the lower right-hand corner of D, (preserving skewness, 
if it is present) and write D, as below. 
D,= 
Here C is an a by a array and the subsquare D, consists of the subarrays B, 
H, K and C. 
For i E V, let di denote the subarray obtained from d, d E {A, B, C, D, E, 
F, G, H, K, M, T, U}, by replacing each occurrence of x E S, V S, in A by 
the ordered pair (x, i) and leaving all elements of {co} U S, in A unchanged. 
Let (i, j) I, i, j E V denote the array obtained from I by replacing the pair 
SINGULAR DIRECT PRODUCT 309 
(x, JJ) in cell (a, b) of I by {(x, i), (y, j)} for those cells of I which are not 
empty. Further let 
where R is the v3 - a by vj : a array of empty cells of I, and define (i, j)N 
(k j>P and (i, j) Q analogously. Now assign an order to the pairs occurring 
in II,, that is, make them all ordered pairs. Then form the following array 
where Ip,q is a v3 - a by v3 - a array of empty cells if cell (p, 4) of D, is 
empty, and Ip,4 is the array (i, j)I if cell (p, q) of D, contains the pair (i, j). 
Unfortunately the array X is, in general, not a Room square at all. But X 
contains a vI(v3 - a) + a subarray 
B, R R a.. R H, 
where R is the (v3 - a) by (v3 - a) array of empty cells. 
Now obtain the array 2 by replacing Y by a (skew) Room square of side 
v1(v2 - a) + a on the symbol set { 0~) } U (S, X V) U S, . The result is then a 
Room square which is skew if all the Room squares involved in the 
construction are skew, as one can verify. Moreover it contains a subdesign 
isomorphic to D, (on the symbols {co \ U ({x*) X V)) and a subdesign of 
side u,(v, - a) $ a. 1 
Perhaps it is worth noting that if the (skew) Room square of order 
v1(v3 - a) + a employed as a subsquare in the above construction contains a 
(skew) subsquare of side v,, then by suitable positioning of this subsquare in 
the constructed square one also obtains a (skew) subsquare of side v2 (and of 
course v3 as well) in the constructed square. 
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3. FRAMES 
Frames were introduced by W. D. Wallis for the purpose of constructing 
certain Room squares. The following definition appears in [9]. 
Let a main, “based” on the elements of a set IV, be a two array in which 
each of the main diagonal cells contains an unordered pair of distinct 
elements of N and each of the backward diagonal cells is empty. Let a back, 
“based” on the elements of K be a two by two array in which each of the 
cells of the backward diagonal contains an unordered pair of distinct 
elements of N and the main diagonal cells are empty. 
For any set N, let N’ be the set obtained by replacing each element a E N 
by the corresponding primed element a’; that is, 
N’ = {a’(a EN}. 
A frame F(lz) of order n based on the elements of an n-set N is an n by y1 
array whose rows and columns are labelled with the elements of N, having 
the following properties: 
(i) for any a E N, cell (a, a) contains the main which has a’ in each 
of its nonempty cells. 
(ii) for any a, b E N, a # b, one of cells (a, b), (b, a) contains a main 
and the other a back based on N U If’; 
(iii) in the resulting 2n by 2n array, for any a, b E N, a # b, each pair 
of the form {a, b}, {a’, b’}, {a’, b}, {a, b’} is contained in precisely one cell; 
and 
(iv) in the resulting 2n by 2n array, each row and each column is latin 
(that is, each of the 2n elements of NUN’ is contained in precisely one cell 
of each row and or each column). 
The following theorem is proved in [9]. 
THEOREM 3.1. If there is a skew square of side v, # 13 which contains a 
skew subsquare of side v3 # 0 and if there is a frame F(z),), then there is a 
skew square of side vI(v2 - v3) + v3 which contains skew subsquares of sides 
v2 andv,. I 
It is shown in [9] that a frame of order v exists for all positive v congruent 
to one modulo four with possible exceptions of values in the set {33, 57, 93, 
129, 133,237). 
Theorem 3.1 is a singular direct product type of construction. The 
corresponding indirect product is given below. 
THEOREM 3.2. Assume that there exists a frame F(v,) and that there is a 
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skew Room square of side v2 with a skew subsquare of side v3. Suppose 
further that a is an odd integer satisfying 0 < a < v3 such that Fhere exists an 
incomplete array IA((v, - a)/2, (v3 - a)/2) and that there is a skew Room 
square of side vI(v, - a) + a. Then there exists a skew Room square of side 
v,(u2 - a) + a which contains a skew subsquare of side vl(v3 - a> c a. 
Proof. The proof is similar to that of Theorem 2.2 and therefore we give 
only a sketch. As before, let D, and 3 represent the Room squares of sides ~1~ 
and vj, respectively, and assume that D, and D, are based on the set 
(oo}U~,U~,US, as before. 
Now assume that D, has the forms below. 
v2-v3 v2--v 3 - - 
2 2 
T 
M 
v2-v3 
2 
D,= 
I 
t 
As before D, consists of the four subarrays B, H, K and C. 
In dealing with frames, it is necessary to partition the set S, u S, into two 
equal parts, T and T’. This must be done in such, a way that T and T’ 
contain Z and Z’, respectively, where Z and Z’ partition S, into two equal 
parts. (Note, both S, U S, and S, are of even cardinality, since a is odd). 
Further, let W = r\Z and W’ = T’\Z. 
Let the frame F(v,) be defined on two sets V and V’, where 
v= { 1, 2,..., v, }. Let x, y, u and v be four distinct members of VU V’, such 
that precisely two of them are from V and the remaining two are from V’. 
Define 
ZM({X, y}; {% VI) = Ji 
# 
( 1 (b J2 
and 
Z*(b% Y}; (u, VI) = # J1 ( 1 J, 4 ’
where J, and J, are as below. 
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If (x,y)cN, then u=i’ and v=p for some i,jE V. 
In this case let 
J, = IA(Wx {xl, Z x ix); Wx {Y}, Z x 1 ul>, 
J, = IA(W x {i), Z’ X {i); W’ X {j}, Z’ X {j}). 
If {x, JJ} c V, then x = i’ and y = j’ for some i, j E K 
In this case let 
J,=IA(W’X {ij,Z’X {i}; W’X {j},Z’X {j}), 
J2 = IA(Wx {u}, Z x {u}; Wx {v}, Z X Iv}). 
In the remaining case, j{x, v} ~7 VI = 1, and one of {x, y}, say x, is of the 
form x = i’ for some i E N. Further, one of (21, v}, say u, is of the form 
lL=/. 
In this case let 
and 
J, = IA(W’ x (i}, Z’ X {i); W X {Y}, Z X {Y)) 
J,=IA(Wx {j},Z’X {j};WX{u),ZX {Q)). 
Although J, and J2 appear to be the same in both IM and 1, we assume 
they take the physical forms 
in IM and 
in IB, where R is the (v3 - a)/2 by (vj - a)/2 array of empty cells. Now 
form the array 
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where Mi, Ti, Ui and C are defined analogously to the counterparts in 
Theorem 2.2. 
In the foregoing, IP9 is the array IM({x, u); {u, 0)) if cell (P, 4) of F(uJ 
contains the main M*, where 
M”= , 
and IPQ is the array IB({x, y}; {u, v}) if cell (p, 4) of F(u,) contains the back 
I?*, where 
Again X is not a skew Room square. However, it does contain 
where 4 now denotes a v3 - a by u3 -a array of empty cells. If this array Y 
is replaced by a skew Room square on the set {co } U (S, X V) U Sl;, the 
result is a skew Room square, as one can readily verify, n 
%2a/29/3-4 
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4. THE SPECTRUM OF SKEW ROOM SQUARES 
In [ 111 it is shown that a skew Room square of side tr exists for all odd 
2) > 7 with the possible exception of those sides listed below. 
69 75 87 93 95 
115 123 129 159 213 
215 219 237 303 335 
355 395 453 515 597 
699 717 879 933 1047 
1077 1115 1195 1227 1263 
1565 
This list can be shortened in view of the foregoing. 
To do so we require certain incomplete arrays. Fortunately there is a 
direct singular product for incomplete arrays and orthogonal latin squares. 
(One can also formulate an indirect product as well, but such is not required 
here.) For the definition of common transversal used below, see [4]. 
LEMMA 4.1. If there is a pair of orthogonal latin squares of order v 
which possesses a common transversal, tf there exists an incomplete array 
IA@, s), and if there exists a pair of orthogonal latin squares of order n - s, 
then there exists an incomplete array TA(v(n - s) + s, s). 
Proof See [4]. 1 
LEMMA 4.2. If there is a pair of orthogonal latin squares of order v 
which possesses a common transversal and a pair of orthogonal latin squares 
of order n which contains a pair of common subsquares of order s, and a 
pair of orthogonal latin squares of order n - s, then there exists a pair of 
orthogonal Latin squares of order v(n -s) + s with common subsquares of 
orders v, n, s and n - s. 
Proof: See [4]. I 
It is well known that there is a pair of orthogonal latin squares for each 
positive integral order except 2 and 6 and it is shown in [l] that there is a 
pair of orthogonal latin squares with a common transversal for all positive 
integral orders except 2,3 and 6. 
The above lemmas are insufficient to produce a pair of orthogonal latin 
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squares of order 9 with a common pair of subsquares of order 3, which will 
be required later. This is treated below. 
LEMMA 4.3 (Direct product). If there is a pair of orthogonal latin 
squares of orders v, and v2, then there is a pair of orthogonal lath squares 
of order v1 v2 with common subsquares of order vu, and v,. 
Proof. See [2, Chap. 121. 1 
We also require an IA(38,6), which does not seem to be feasible in terms 
of the foregoing. To show the existence of such we require the theory of 
pair-wise balanced designs. For definitions of pairwise balanced designs 
(PBD) and orthogonal arrays (OA), the reader is referred to [ 131. 
LEMMA 4.4. If there exists a PBD of order v with one block of size 6 
and the remaining block sizes are orders of pairs of orthogonal Eatin squares 
with a common transversal, then there exists an IA(v, 6). 
ProoJ This is a trivial modification of the standard construction for 
pairs of orthogonal latin squares in terms of PBDs. 8 
COROLLARY. There exists an IA(38,6). 
Proof. Since 8 E OA(S), there is a PBD of order 40 with blocks of size 8 
and 5. By deleting a pair of points which occur in a block of size 8, we 
obtain a PBD of order 38 with one block of size 6 and the remaining of sizes 
from the set (8, 5,4j. m 
Recall that an IA(n, 2) exists for all n > 6, and that an IA(n, I) exists for 
all positive n except 2 and 6. Recall also that skew Room squares have been 
shown to exist for all sides except possibly those listed at the beginning of 
this section. We are now in a position to improve these results. 
The following is based on Theorem 2.2 and the foregoing lemmas. 
LEMMA 4.5. There exist skew Room squares of sides 335, 355, 395,453, 
515,597, 699, 717,879,933, 1047, 1077, 1115, 1195, 1227, 1263 and 1.565. 
ProoJ: Consider the following. 
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Room square with subsquare Incomplete array 
Room square (subsquare side) (% - 4 
335 = 9(41 - 3) + 3 
355=7(55-5)+5 
395 = 9(51- 8) + s 
453 = 9(61 - 12) + 12 
515 = 7(77 - 4) + 4 
597=11(57-3)+3 
699 = 7(105 - 6) $6 
717= 13(57-2)+2 
879 = 9(103 - 6) + 6 
933 = 7(135 - 2) t 2 
1047 = 19(57 - 2) + 2 
1077 = 29(41 - 4) + 4 
1115=7(161-2)+2 
1195 = 7(175 - 5) + 5 
1227 = 7(177 - 2) f  2 
1263 = 7(183 - 3) + 3 
1565 = 15(109 - 5) -+ 5 
“41=5(9-l)+l 
(9) 
55 = 9(7 - 1) + 1 
(9) 
O51= 5(11- 1) + 1 
(11) 
“61= 5(13 - 1) + 1 
(13) 
77=7.11 
(7) 
57=7(9-l)$l 
(7) 
105 = 7. 15 
(7) 
57=7(9-l)-tl 
(7) 
103 = 17(7 - 1) + 1 
(7) 
135=9.15 
(9) 
57=7(9-11)+1 
(7) 
O41 = 5(9 - 1) + 1 
(9) 
161 =7 .23 
(7) 
175=7.25 
(7) 
177= ll(17 - 1)+ 1 
(11) 
183 = 7(27 - 1) + 1 
(7) 
109=9(13-l)+ 1 
(9) 
Lemma 4.4 (Corollary) 
(6) 
b50=4(14-2)+2 
43 =4(13 - 3) + 3, 
13 = - 1 4(4 1) + 
(3) 
49 
(1) 
73 = 9(9 - 1) + 1, 
9=3.3 
(3) 
54 = 4(15 - 2) + 2 
(4) 
(4’, 
55=5.11 
(5) 
(43 
133 = 7 f  19 
(7) 
55=5.11 
(5) 
37=9(5-l)+ 1 
(5) 
159 = 3 . 53, 
53 = 13(5 - 1) + 1 
(5) 
170 
(21 
175 = 4(46 - 3) + 3, 
46 = 5(10 - 1) + 1 
9=3.3 
(9) 
180=4.45 
(4) 
104=4.26 
(4) 
a This equation is used by virtue of Theorem 3.1 and the fact that there exists an F(5) (see, 
for example, [9 1). 
b This gives rise to an IA(50,2) with a sub IA(14,2) which can be replaced by a pair of 
orthogonal squares of order 14, preserving a subsquare of order 4. 
This completes the lemma. I 
LEMMA 4.6. There are skew Room squares of sides 219 and 303. 
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Proof Consider the following in view of Theorem 3.2, 
Room square 
Room square with subsquare Incomplete array 
(order of subsquare) ((4 - am 
219 = 5(51 - 9) + 9 51=5(11-1)+1 
(11) ii 
303 = 5(63 - 3) + 3 63=1.9 
(7) 
This completes the lemma. 1 
The preceding lemmas can be summarized in the following. 
THEOREM 4.7. There exists a skew Room square of side v for all odd 
v > 7 with the possible exception of the values listed below. 
69 15 81 93 
95 115 123 129 
159 213 215 237 
5. CONCLUSION 
We have presented a generalization of the direct singular product and have 
shown how it can be applied to the spectrum of skew Room squares. 
Although our approach is combinatorial, clearly the results can be 
formulated algebraically as well. 
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